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Abstract
In this article, we study regular scale-dependent black holes as gravitational lenses. We ob-
tain the deflection angle in the strong deflection limit, from which we calculate the positions and
the magnifications of the relativistic images. We compare our results with those corresponding
to the Schwarzschild spacetime, and as an example, we apply and discuss these results to the
particular case of the supermassive black hole at the center of our galaxy.
1 Introduction
Gravitational lensing by black holes has received a growing interest since the discovery of super-
massive black holes at the center of most galaxies, included ours [1]. Within this context, it is
expected that some optical effects, including direct imaging will be observed in the near future [2].
In the case of compact objects with a photon sphere, there exist two infinite sets of the denominated
relativistic images [3], as a consequence of light rays passing close to the photon sphere, besides the
primary and secondary images. In this case, the deflection angle results larger than 2π, and can
be treated analytically by performing the strong deflection limit, which consists in a logarithmic
approximation of the deflection angle. This method allows to obtain analytical expressions for the
positions and the magnifications of the relativistic images. The strong deflection limit was firstly
introduced for the Schwarzschild geometry [4], extended to the Reissner-Nordstro¨m black hole [5],
and generalized to any spherically symmetric and asymptotically flat spacetime [6,7]. Many works
related to lenses in the strong deflection limit have been considered in the recent years [8–20], both
in the context of general relativity and in alternative theories of gravity. The lensing effects for
rotating geometries were also studied [21], including the analysis of the deformation of the shadow
as well [22–25].
In general relativity, the presence of singularities is a long standing problem, since they are
points in spacetime where the theory breaks down. In opposition, regular black hole solutions (i.e.,
singularity-free) have been obtained, where the event horizon is present but without singularities in
its interior. The first regular black hole solution was introduced by Bardeen in 1968 [26] and many
other solutions were found employing nonlinear electrodynamics as a matter source (see Ref. [27]
and references therein).
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In the context of quantum gravity, quantum corrections to black hole solutions can be considered
by taking into account an effective action where the coupling constants are replaced by scale-
dependent couplings (i.e. {G0,Λ0} → {Gk,Λk}, being G0 the Newton’s coupling and Λ0 the
cosmological coupling). As a consequence, the domain of the classical solution is extended by
considering the scale-dependent couplings. The effective action assuming running couplings has
been analyzed in many situations [28–32]. Within this context, a regular black hole solution
[33] has been interpreted in terms of scale-dependent couplings, without considering nonlinear
electrodynamics [34].
In this article, we study the gravitational lensing effects produced by the regular scale-dependent
black hole obtained in Ref. [34]. The paper is organized as follows: In Sec. 2 we introduce the
metric for the regular scale-dependent black hole, and we find the radius of the event horizon and
the photon sphere in terms of the scale parameter of the theory; in Sec. 3 we find the deflection
angle in the strong deflection limit; in Sec. 4, we obtain the positions and the magnifications of
the relativistic images, and we analyze the observables for the case of the supermassive black hole
in the center of our galaxy; finally, in Sec. 5 we summarize the results obtained.
2 The geometry
We start by adopting the spherically symmetric and static geometry with line element [34]
ds2 = −A(r)dt2 +B(r)dr2 + C(r)(dθ2 + sin2 θdφ2), (1)
where the metric functions are given by (c = 1 is assumed)
A(r) = B(r)−1 = 1− 2MG0
r
(
1 +
M2G20ǫ
6r
)−3
, C(r) = r2, (2)
being M the mass, G0 the Newton’s gravitational constant, and ǫ > 0 a running parameter which
has dimensions of inverse of length which is associated to the scale-dependent gravitational coupling.
The metric is asymptotically Schwarzschild, i.e. A(r) → 1 − 2G0M/r as r → ∞, is regular
everywhere (nonsingular), and has a de Sitter behaviour for r → 0. This solution can be considered
as a semiclassical extension of the Schwarzschild black hole. In the limit ǫ→ 0, the Schwarzschild
solution is recovered.
By defining the quantities T = t/M , x = r/M and ǫ˜ = ǫM , and adopting G0 = 1, the metric
(2) can be conveniently written in the form
ds2 = −A(x)dT 2 +B(x)dx2 + C(x)(dθ2 + sin2 θdφ2), (3)
where
A(x) = B(x)−1 = 1− 2
x
(
1 +
ǫ˜
6x
)−3
, C(r) = x2. (4)
The radius of the event horizon is obtained from equating A(x) = 0, then it is given by the largest
positive solution of the following expression:
216 x3 − (432− 108ǫ˜) x2 + 18 ǫ˜2x+ ǫ˜3 = 0, (5)
and corresponds to a third degree polynomial equation, with solution
xh =
1
6
{
4− ǫ˜+ 2
8/3(2− ǫ˜)[
32− ǫ˜
(
24− 3ǫ˜−√9ǫ˜2 − 16ǫ˜
)]1/3 + 21/3
[
32− ǫ˜
(
24− 3ǫ˜−
√
9ǫ˜2 − 16ǫ˜
)]1/3}
.
(6)
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Figure 1: The radius of the event horizon xh (solid line) and the radius of the photon sphere xps
(dashed-line) as functions of ǫ˜.
The radius of the photon sphere xps corresponds to the largest positive solution of the equation
D(x) =
C ′(x)
C(x)
− A
′(x)
A(x)
= 0, (7)
where the prime denotes the derivative with respect to the coordinate x. Replacing the metric
functions (4) and after some calculations, we find that, for the regular scale-dependent black hole,
x should satisfy
2592 x5 + (7776 + 1728 ǫ˜)x4 + 432ǫ˜2x3 + 48 ǫ˜3x2 + 2 ǫ˜4x = 0. (8)
So, we obtain
xps =
1
12
{√
−Ω− 8ǫ˜2 + 2(9 − 2ǫ˜)2 + 54 [27 + 2ǫ˜(ǫ˜− 9)]√
Ω+ 9(9− 4ǫ˜) + 9− 2ǫ˜+
√
Ω+ 9(9− 4ǫ˜)
}
, (9)
with
Ω =
4× 62/3 ǫ˜3[−ǫ˜4 (−27 +√729 − 384ǫ˜)]1/3 + 61/3
[
−ǫ˜4
(
−27 +√729− 384ǫ˜
)]1/3
. (10)
From expressions (6) and (9), we see that the existence of an event horizon and a photon sphere
(xps > xh) is only possible for the running parameter lying in the range 0 < ǫ˜ < 1.79. In Fig.
1, the radius of the event horizon (solid line) and the radius of the photon sphere (dashed-line)
are shown; they are decreasing functions of the parameter ǫˆ. In the case ǫ˜ = 0, the Schwarzschild
values xh = 2 and xps = 3 are recovered.
3 Deflection angle in the strong deflection limit
The deflection angle for a photon coming from infinity, as a function of the adimensionalized closest
approach distance x0, can be written in the form [8,35]
α(x0) = I(x0)− π, (11)
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Figure 2: Deflection angle for three representative values of the scale parameter ǫ˜ as a function of
the adimensionalized closest approach distance x0: ǫ˜ = 0 (solid line), ǫ˜ = 0.8 (dashed-line) and
ǫ˜ = 1.7 (dotted-line).
with
I(x0) = 2
∫
∞
x0
√
B(x)√
R(x)C(x)
dx, (12)
in which
R(x) =
A0C(x)
A(x)C0
− 1, (13)
where, here and from now on, the subscript 0 stands for evaluation in x = x0 of the metric functions.
The deflection angle is a monotonic decreasing function of the closest approach distance x0
as can be seen in Fig. 2, which was obtained numerically for the regular scale-dependent black
hole for three representative values of the parameter ǫ˜. There is a logarithmic divergence of the
deflection angle when x0 approaches to the radius of the photon sphere, and it tends to zero for
large values of x0. For photons passing close enough to the photon sphere, the deflection angle
becomes larger than 2π, which means that the photons perform one or more turns around the black
hole before emerging from it and reaching a distant observer. As a consequence, two infinite sets
of relativistic images are formed, one at each side of the black hole. This situation can be studied
by performing the strong deflection limit, in order to find an analytic expression of the deflection
angle. The integral (12) can be rewritten in a suitable way by following the procedure introduced
in Refs. [6, 7]. By defining
z ≡ 1− x0
x
, (14)
so it takes the form
I(x0) =
∫ 1
0
f(z, x0)dz, (15)
where
f(z, x0) =
2x0√
G(z, x0)
, (16)
with
G(z, x0) ≡ R(x)C(x)
B(x)
(1− z)4. (17)
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It is useful to split the integral (12) into two parts
I(x0) = ID(x0) + IR(x0), (18)
with ID(x0) the integral containing the divergence at x0 = xps and IR(x0) the term which is regular
everywhere. The divergent part can be written as
ID(x0) ≡
∫ 1
0
fD(z, x0)dz, (19)
where the argument fD(z, x0) has the form
fD(z, x0) ≡ 2x0√
c1(x0)z + c2(x0)z2
, (20)
with
c1(x0) =
C0D0x0
B0
(21)
and
c2(x0) =
C0x0
B0
{
D0
[(
D0 − B
′
0
B0
)
x0 − 3
]
+
x0
2
(
C ′′0
C0
− A
′′
0
A0
)}
. (22)
By taking the limit x0 → xps, the strong deflection limit can be performed. In this situation,
D(xps) = 0 from Eq. (7), and expressions (21) and (22) simplify to
c1(xps) = 0 (23)
and
c2(xps) =
Cpsx
2
ps
2Bps
(
C ′′ps
Cps
− A
′′
ps
Aps
)
, (24)
where the subscript “ps” denotes evaluation in x = xps in the corresponding functions. The integral
IR is defined by
IR(r0) ≡
∫ 1
0
fR(z, r0)dz, (25)
with
fR(r0) ≡ f(z, r0)− fD(z, r0), (26)
which is regular since it has the divergence corresponding to x0 = xps subtracted. Then, the
deflection angle in the strong deflection limit results,
α(u) = −a1 ln
(
u
ups
− 1
)
+ a2 +O((u− ups) ln(u− ups)), (27)
where
u =
√
C0
A0
, (28)
is the impact parameter of the photon and ups is the critical impact parameter, i.e., for photons
with x0 → xps. For the regular scale-dependent black hole, it results,
ups = xps
√
(6xps + ǫ˜)3
(6xps + ǫ˜)3 − 432x2ps
. (29)
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Figure 3: The strong deflection limit coefficients a1 (left) and a2 (right) as functions of ǫ˜.
The quantities a1 and a2 in expression (27) are the so called strong deflection limit coefficients:
a1 =
√
2BpsAps
C ′′psAps − CpsA′′ps
(30)
and
a2 = a1 ln
[
x2ps
(
C ′′ps
Cps
− A
′′
ps
Aps
)]
+ IR(xps)− π, (31)
which only depend on the metric functions. Performing the above calculations for the regular
scale-dependent black hole, these coefficients result
a1 =
√√√√ (6xps + ǫ˜)5
(6xps + ǫ˜)
5 − 15552 x3psǫ˜
(32)
and
a2 = a1 ln

2 + 864 x
2
ps(36x
2
ps − 24xpsǫ˜+ ǫ˜2)
(6xps + ǫ˜)
2
[
−432x2ps + (6xps + ǫ˜)3
]

+ IR − π, (33)
where the integral IR can be obtained numerically for any value of ǫ˜. In Fig. 3 we see that a1
increases with the parameter ǫ˜ and a2 decreases as ǫ˜ grows. Comparing these results with the
Schwarzschild black hole solution, we have that a1 > a
Sch
1 = 1 and a2 < a
Sch
2 = ln[216(7− 4
√
3)]−
π ≈ −0.400230 for any ǫ˜ > 0. The Schwarzschild case is recovered for ǫ˜ → 0. By replacing the
expressions (32) and (33) in Eq. (27), the deflection angle is fully determined in the strong deflection
limit, being this, the starting point for the calculation of the positions and the magnifications of
the relativistic images.
4 Relativistic images and observables
We consider the particular configuration where a point light source is situated behind the black
hole acting as a lens. The line joining the lens and the observer defines the optical axis, and the
distances observer-lens Dol and lens-source Dls are both assumed much greater than the horizon
radius xh. Consequently, the observer-source distance is given by Dos = Dol + Dls. Since the
6
geometry is asymptotically flat and the deflection of photons takes place in the proximities of the
black hole, the trajectories of photons can be approximated by straight lines. In this situation, the
lens equation is given by [11]:
tan β =
Dol sin θ −Dls sin(α− θ)
Dos cos(α− θ) , (34)
where β is the angular position of the source and θ is the angular position of an image detected
by the observer, both taken from the optical axis. The lensing effects become more relevant for
highly aligned objects, in this case, β and θ are small, and α is close to a multiple of 2π. If β 6= 0,
the primary and secondary images, and the two infinite set of point relativistic images are formed;
but when β = 0, the Einstein rings are present instead. For the first set of relativistic images, the
deflection angle can be written as α = 2nπ+∆αn, where n ∈ N and 0 < αn ≪ 1. The lens equation
(34) then results in the simpler form [6,11]
β = θ − Dls
Dos
∆αn. (35)
For the other set of relativistic images, ∆αn in Eq. (35) should be replaced by −∆αn since
α = −2π − ∆αn. The impact parameter can be approximated by u = Dol sin θ ≈ Dolθ, so the
deflection angle (27) is given by
α(θ) = −a1 ln
(
Dolθ
um
− 1
)
+ a2. (36)
By inverting Eq. (36), θ as a function of α is obtained. Performing a first order Taylor expansion
around α = 2nπ, the angular position of the n-th image for the first set of relativistic images results
θn = θ
0
n − ζn∆αn, (37)
where
θ0n =
um
Dol
[
1 + e(a2−2npi)/a1
]
(38)
and
ζn =
um
a1Dol
e(a2−2npi)/a1 . (39)
From Eq. (35), we have that ∆αn = (θn − β)Dos/Dls, and replacing this expression in Eq. (37),
θn = θ
0
n −
ζnDos
Dls
(θn − β), (40)
which, by using 0 < ζnDos/Dls < 1 and keeping only the first-order term in ζnDos/Dls, the angular
positions of the images finally take the form
θn = θ
0
n +
ζnDos
Dls
(β − θ0n). (41)
Analogously, for the other set of the relativistic images, we obtain
θn = −θ0n +
ζnDos
Dls
(β + θ0n). (42)
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Figure 4: Observables θ∞ (left), s (center) and r (right) as functions of the parameter ǫ˜, for the
Milky Way supermassive black hole (M = 4.31× 106M⊙ and Dol = 8.33 kpc).
The magnification of the n-th relativistic image is given by the quotient of the solid angles
subtended by the image and the source
µn =
∣∣∣∣ sin βsin θn
dβ
dθn
∣∣∣∣
−1
, (43)
which, from Eq. (41) and considering small angles, we find
µn =
1
β
[
θ0n +
ζnDos
Dls
(β − θ0n)
]
ζnDos
Dls
. (44)
Finally, by performing a first order Taylor expansion in ζnDos/Dls, we have that the magnification
of the n-th relativistic image, for both sets of images is given by
µn =
1
β
θ0nζnDos
Dls
. (45)
The magnifications decrease exponentially with n, so the first relativistic image is the brightest
one. The rest of the images are very faint unless β is close to zero, because they are proportional
to (um/Dol)
2.
Since the first image is the outermost and the brightest one, the following observables can be
conveniently defined [6]:
θ∞ =
um
Dol
, (46)
s = θ1 − θ∞, (47)
and
r =
µ1∑
∞
n=2 µn
. (48)
The observable s represents the angular separation between the angular position of the first
relativistic image and the limiting value of the others θ∞, and the quantity r corresponds to the
quotient between the flux of the first image and the sum of the fluxes coming from all the other
images. These observables, in the strong deflection limit and for a high alignment configuration,
take the simple form [6]:
s = θ∞e
(a2−2pi)/a1 (49)
and
r = e2pi/a1 , (50)
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which depend on the geometry of the black hole, since they are functions of the strong deflection
limit coefficients. So, by measuring θ∞, s and r, one can invert Eqs. (49) and (50) to obtain
the strong deflection limit coefficients a1 and a2 from observations, and compare them with those
predicted by the theoretical models to identify the nature of the black hole lens.
As a numerical example, the observables for the supermassive galactic center black hole are
presented in Fig. 4, for which the mass is M = 4.31 × 106M⊙ and the distance from Earth is
Dol = 8.33 kpc [1]. As ǫ˜ grows, the limiting value θ∞ decreases, so the images get closer to
the black hole. The separation between the first and the rest of the relativistic images increases
with ǫ˜ and the first relativistic image results less bright with respect to the others as ǫ˜ increases.
Comparing with the Schwarzchild black hole (i.e., when ǫ˜→ 0), we have that 16.0558 µas < θ∞ <
θSch∞ = 26.5093 µas, the angular separation s lies in the range 0.5300 µas > s > s
Sch = 0.0332 µas,
and 28 < r < rSch ≈ 535. For large values of ǫ˜ the differences are noticeable, and in this case, the
regular scale-dependent black hole could eventually be distinguished from the Schwarzschild one.
5 Final remarks
In this paper, we have studied the gravitational lensing effects produced by regular scale-dependent
black holes introduced in Ref. [34]. These black holes are asymptotically flat and characterized by
the mass M and the running parameter ǫ. In particular, we have analyzed the situation where
photons pass close to the photon sphere, which gives place to the formation of the relativistic
images. We have performed the strong deflection limit to obtain the deflection angle, and the
positions and the magnifications of the relativistic images in terms of the running parameter ǫ.
We have also calculated the observables and applied these results to the case of the supermassive
galactic center black hole in order to compare them to the ones obtained for the Schwarzschild
spacetime (i.e. ǫ → 0). For the regular scale-dependent black hole, we have seen that the strong
deflection limit coefficients differ from the Schwarzschild ones: 1.88 > a1(ǫ˜) > a
Sch
1 = 1 and
−1.0682 < a2(ǫ˜) < aSch2 = ln[216(7 − 4
√
3)] − π ≈ −0.4002. On the other hand, we have found
that for larger values of ǫ the first relativistic image lies more separated from the others (packed
together at θ∞), which get closer to the black hole as ǫ grows. The relative magnification of the
first relativistic image with respect to all the others is smaller r < rSch for any value of ǫ, which
means that the first relativistic image becomes less bright in comparison to the others.
The relativistic images and the shadow of black holes correspond to a full relativistic description
of their near horizon region. This is why, nowadays there is much attention paid to the observation of
the vicinity of black holes, in particular, the supermassive ones located at the center of most galaxies,
included ours (Sgr A*), due to its large size and proximity. Among the different projects for this
purpose, there is the Event Horizon Telescope, which, by using very long baseline interferometry,
combines existing radio facilities into a telescope with very high angular resolution (of about 15
µas). The Event Horizon Telescope has already made observations of the center of our galaxy and
also of the nearby giant galaxy M87 [36], so the first picture of the shadow of a black hole is expected
in short. Millimetron is a space-based mission with expected resolution of 0.05 as, operating from
far infrared to millimeter wavelengths. GRAVITY is a second generation instrument on the Very
Large Telescope Interferometer (VLTI) that will examine in the near-infrared band the vicinity of
the supermassive black hole in the center of our galaxy [1]. For more details about the observational
prospects, see Refs. [37] and the references therein. Gravitational lensing would be useful to compare
different black hole models with observations. However, the subtle effects that arise among them,
seem to need a second generation of future instruments.
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